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A challenge of modern physics is to investigate the quantum behavior of a bulk material object,
for instance a mechanical oscillator. We have earlier demonstrated that by coupling a mechanical
oscillator to the energy levels of embedded rare-earth ion dopants, it is possible to prepare such a
resonator in a low phonon number state. Here, we describe how to extend this protocol in order
to prepare momentum- and position squeezed states, and we analyze how the obtainable degree
of squeezing depends on the initial conditions and on the coupling of the oscillator to its thermal
environment.
PACS numbers:
INTRODUCTION
Research in modern physics has led to impressive
progress in the field of quantum physics, quantum mate-
rials, and quantum engineering. The study of the quan-
tum behavior of mechanical, macroscopic systems, is of
foundational importance and it plays important roles in
sensing and in transducers, where mechanical oscillators
may bridge the coupling among optical, microwave, and
acoustic waves and discrete quantum degrees of freedom.
One major difficulty concerning mechanical, macroscopic
systems relies in interacting with their motion without
destroying their quantum behavior. One approach con-
sists of exploiting a hybrid quantum system consisting of
a mechanical oscillator coupled to an atom-like object,
and interact via the atom-like object for which the quan-
tum nature is less fragile, and for which the interrogation
methods have been perfectioned over the course of several
decades. Using this hybrid approach, a research team
managed in 2011 to place a mechanical high-frequency
resonator in the quantum ground state, by coupling it
to a superconducting quantum bit [1]. This achievement
has been a major driving force in the expansion of the
field of mechanical quantum hybrid systems, and since
then, many alternative systems have been investigated
both theoretically and experimentally [2].
PHYSICAL SYSTEM
We have previously proposed a quantum hybrid system
consisting of a crystalline mechanical resonator which
contains rare-earth ion dopants [3], and we have recently
demonstrated how such resonator can be cooled signifi-
cantly below the surrounding thermal bath temperature
[4]. We will in the following summarize the main ideas of
these schemes, as they constitute the starting point for
the work presented here.
In the general case of a bulk crystal resonator, the os-
cillations generate a mechanical strain, and this strain
influences the electronic properties of the impurities or
dopants, as a consequence of the modification of their
local environment, including the electronic orbital distri-
butions. The oscillations of the bulk resonator are thus
mapped onto the energy levels of the impurity. This type
of “strain-coupling” has previously been observed with a
single quantum dot in an oscillating photonic nanowire
[5], and with a single nitrogen vacancy in diamond [6, 7].
In our case, we wish to benefit from the record-long
coherence times of rare-earth dopants, in particular eu-
ropium ions in an Y2SiO5 crystal matrix. Due to the dif-
ficulty of detecting single europium ions, we will instead
focus this proposal on ion ensembles. In order to avoid ef-
fects due to inhomogeneous broadening, we suggest to use
the technique of spectral hole burning, in which a frac-
tion of the ions at a given energy is selectively pumped
to a dark state, leaving a transparent spectral window in
the inhomogeneous absorption line behind. In brief, our
strain-coupling protocol [3] is based on the fact that when
the resonator oscillates, the strain periodically broadens
and narrows the spectral hole (it “breathes”). If we use a
probe laser beam that is close in frequency to the edge of
the spectral hole, but within the transparent window, it
will couple dispersively to the edge of the spectral hole.
This interaction leads to a modulation of the phase of
the transmitted laser, and this phaseshift can be used to
monitor the position and momentum of the resonator.
Moreover, the laser beam shifts the equilibrium position
of the resonator, and by using an active feedback proto-
col it can cool the resonator [4]. In addition, as we will
show in this article, the laser beam can be applied in a
certain temporally modulated fashion in order to create
ar
X
iv
:2
00
4.
03
53
3v
1 
 [q
ua
nt-
ph
]  
7 A
pr
 20
20
20 5 10 15 20
0
5
10
15
20
25
30
35
Time (µs)
2
×
st
an
d
ar
d
d
ev
ia
ti
on
2σ(Xm)
2σ(Pm)
Figure 1: The first 20 microseconds of the squeezing
sequence with a bath temperature of 10 mK, allowing
to visualize the individual oscillations of two times the
standard deviation of Xm and Pm. The initial flat part
of the curve (lasting 2.5 mechanical periods of
oscillation) corresponds to the time prior to application
of the squeezing pulses, in order to allow the
visualization of the steady state. The solid straight line
at the bottom of the graph at 1.41 corresponds to the
value below which Xm or Pm must drop in order to
attain squeezing. The full duration of the simulation is
shown in figure 2.
a position- or moment squeezed mechanical resonators.
SQUEEZING BY STROBOSCOPIC PROBING
Using a Gaussian ansatz developed in earlier publica-
tions [4, 8] allows one to establish the equations of motion
for the variances of the position and momentum (a11/2
and a22/2 respectively) as well as the co-variances (a12/2
and a21/2) of the resonator:
da11
dt
= −ηκ2a211 + ω(a21 + a12)− γ(a11 − (2n+ 1))
da12
dt
= −ηκ2a11a12 − ω(a11 − a22)− γa12
da21
dt
= −ηκ2a11a21 − ω(a11 − a22)− γa21
da22
dt
= κ2 − ηκ2a12a21 − ω(a21 + a12)− γ(a22 − (2n+ 1)).
(1)
Here, η corresponds to the measurement efficiency, ω
is the mechanical oscillator frequency, and γ the rate of
coupling between the resonator and the environment.
The constant κ reflects the interaction strength between
the laser beam and the resonator which depends on
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Figure 2: Same parameters as in figure 1 but extending
the timescale out to 400 µs. Also here, the curves show
two times the standard deviation of Xm and Pm, but
the oscillations are so fast that they cannot be
distinguished and appear as a gray surface. The
minimum value of both variables never drops below 1.41
(solid line), which indicates the absence of squeezing.
.
photon flux as well as the strain sensitivity. More
precisely, by interacting with a bent cantilever with
an appropriately prepared spectral hole structure, the
light beam experiences a phase shift ∆φ proportional to
the dimensionless resonator displacement Xm = xm/x0
(with x0 =
√
~/mω), namely ∆φ = βXm, with
a proportionality constant β, that depends on the
strain sensitivity, the resonator geometry, as well as
the protocol employed for the spectral hole burning
[3, 4]. The constant β is linked to κ in the following way:
κ2 ≡ 2β2Φ, where Φ is the photon flux of the probe laser.
To achieve squeezing, we apply the probe laser stro-
boscopically [9–12]. That is, we pulse the probe laser
such that it is on only for a fraction of the mechanical
oscillation period, typically for approximately one tenth
of the oscillation period for each pulse. This amounts
to having κ equal to zero in Eqs. 1 at all times except
for short periodic time intervals. The laser pulse has
the effect of measuring the resonator position Xm which
squeezes this degree of freedom (that is, decreases its un-
certainty) and antisqueezes (increases uncertainty) the
other quadrature Pm. These effects are represented by
the −ηκ2a11 and +κ2 terms in the first and last line of
Eq.(1), respectively. As the ellipse representing the gaus-
sian ansatz is continuously rotating in phase space (terms
proportional to ω in Eqs. 1), this stroboscopic measure-
ment protocol progressively reduces the size of the ellipse
toward the Heisenberg’s limit, and once this limit is suf-
ficiently approached, it induces quantum squeezing and
antisqueezing of the quadratures. On the other hand,
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Figure 3: Simulations of squeezed states with a bath
temperature of 0.7 mK. We observe a modest squeezing
effect (the gray area drops below the solid line) from
approximately 250 µs and forward.
thermal coupling to the non-zero temperature environ-
ment tends to increase the ellipse’s size away from the
Heisenberg’s limit and toward the thermal equilibrium
limit (terms proportional to γ in Eqs. 1). The degree
of squeezing that can finally be obtained depends on the
physical parameters of the setup, in particular the envi-
ronment temperature and the coupling rate between this
environment and the resonator, as we will discuss in the
following.
RESULT OF SIMULATIONS
We solve Eqs. 1 with realistic physical parameters,
based on an existing experimental setup described in
refs. [13, 14]. We use the example of a 100× 10× 10µm3
cantilever with a bending mode frequency of ω = 2pi ×
1MHz mode and an effective mass m = 1.1 · 10−11 kg.
The resonator material consists of Y2SiO5 containing a
0.1 % doping of Eu3+ ions, with a 7F0 → 5D0 transition
centered at 580 nm and a measured linewidth of approxi-
mately 2pi×1 kHz [13]. We use the strain sensitivity of the
Eu3+ ions of -211.4 Hz/Pa [15], and a spectral hole width
of 6 MHz. Moreover, we assume a laser intensity of 1mW
(i.e. a photon flux of Φ = 2.92× 1015s−1), and the cou-
pling to the environment of γ = 2pi×10Hz (if nothing else
is stated). Furthermore, we assume η = 1, and we will in-
vestigate the degree of squeezing as a function of the bath
temperature, assuming that the resonator is at thermal
equilibrium with the bath when we start the sequence of
squeezing pulses. In order to do the stroboscopic mea-
surements we modulate the interaction strength κ. In
practice, we solve Eqs. 1, with a non-zero interaction
strength κ only as long as | cos(ωt)| > 0.9 and κ = 0 for
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Figure 4: Here, the temperature of the environment is
again set to 10 mK, but we have reduced the rate of
coupling to the environment to γ=0.1 Hz, which also
allows one to obtain a weak effect of squeezing.
all other times t. Concerning the numerical value of κ,
we previously determined [3] that a displacement of the
resonator tip equal to 0.4 pm gives rise to a phase shift
∆φ of 0.2 mrad such that β = ∆φ/Xm = (∆φ/xm)x0 =
(0.2 × 10−3/0.4 × 10−12)1.3 × 10−15 = 0.65 µrad, such
that κ2 = 2β2Φ = 2pi × 197Hz (this value corresponds
to an average value over the full mechanical oscillation;
during a stroboscopic pulse, the peak value is ten times
higher).
We first investigate the case in which the bath temper-
ature is 10 mK; the results are shown in figure 1 and 2.
In these, and in the following figures, we plot two times
the standard deviation of the resonator position and mo-
mentum, σ(Xm) and σ(Pm), where Pm is also given in
dimensionless units: Pm = pm/p0 with p0 =
√
~mω.
These parameters are related to the variances by a11 =
2Var(Xm) = 2σ
2(Xm) and a22 = 2Var(Pm) = 2σ2(Pm).
We show the first 20 µs of the sequence in figure 1, al-
lowing one to visualize the oscillations of the plotted pa-
rameters. The two curves clearly indicate the alternate
increase and decrease of these two parameters. The stro-
boscopic pulses have been turned on after 2.5 complete
oscillations in order to display the initial variance (flat
line) of the two variables before applying the squeezing
protocol. Figure 2 shows the full 400 µs duration of the
sequence. The oscillations cannot be distinguished and
appear as a gray surface on the scale of the figure.
In order to obtain a truly squeezed state in the quan-
tum mechanical sense, the standard deviation σ(Xm) or
σ(Pm) needs to be smaller than 1/
√
2 (the Heisenberg un-
certainty relation in our dimensionless units states that
σ(Xm)σ(Pm) ≥ 1/2, and squeezing being defined as one
of the variables being lower than its “fair share” of uncer-
tainty at the Heisenberg limit, which is equal to 1/
√
2).
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Figure 5: The first 20 microseconds of the squeezing
sequence with a thermal bath of 0 mK. The initial
values of the variances correspond to the Heisenberg
limit. As soon as the first pulse of the probe laser is
applied, we observe the onset of squeezing.
As we plot two times the standard deviation, the plotted
quantities must be less than
√
2 in order to claim squeez-
ing. As shown in figure figure 2, even for long times (400
µs) the parameters never drop below the solid line for the
above-described conditions of a 10 mK bath temperature
and a 10 Hz coupling rate to the environment. I.e., while
the uncertainties are significantly reduced compared to
the initial thermal state, quantum squeezing below the
width of the ground state fluctuations is not achieved.
However, reducing the temperature to 0.7 mK, which
is the lowest resonator temperature achievable with our
active laser cooling described in previous work [4], and
maintaining the coupling rate at 10 Hz, a modest level
of squeezing is obtained (2σ=1.24 at 400 µs, with σ the
lowest of σ(Xm) and σ(Pm). This is shown in figure 3.
Another possibility to reach quantum squeezing is to
decrease the coupling rate between the resonator and the
thermal bath. Indeed, even with a thermal environment
at 10 mK, with γ=0.1 Hz, a modest effect of squeezing
is achieved, with 2σ=1.07 at 400 µs. This is illustrated
in figure 4.
In order to achieve more significant squeezing, we
need to start out with bath temperature close to zero.
In figure 5, we show the case of an initial temperature
of 0 K. In this case, the initial variances are already
at the Heisenberg limit, and the squeezing appears as
soon as the first pulse is applied. We can, in this case,
obtain significant squeezing within 400 µs (2σ reaches
0.90 at 400 µs), regardless of the coupling rate between
the resonator and the thermal bath.
It is not experimentally possible to reach a bath
temperature sufficiently close to zero (i.e. having the
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Figure 6: The full duration of simulations of squeezed
states with an initial resonator temperature of 0 mK
shown in figure 5. The squeezing is significant, as
illustrated by the gray area which drops well below the
solid line (2σ=0.90 at 400 µs).
resonator in the quantum ground state) with current
cryogenics technology for the described physical system
(50 µK corresponds to a mean quantum occupation
number of the order of 1). Careful design and optimiza-
tion of the resonator and its clamping loss may however
allow reaching ultra high decoupling level from the
thermal bath, which seems to be the major conditions
that will allow quantum squeezing in the discussed
mechanical systems.
ENTANGLEMENT BETWEEN 2 RESONATORS
A particularly interesting non-classical state includes
2 entangled resonators, and the condition for achieving
such a state can be seen as a direct extension of the con-
dition necessary to squeeze the quadratures of a single
resonator. We define the variables
X± =
1√
2
(X2 ±X1)
P± =
1√
2
(P2 ± P1),
where the subscripts 1 and 2 refers to resonator 1 and
2 respectively. In this notation, the criterion for entan-
glement of the 2 resonators can be written as[16, 17]
Var(X+) + Var(P−) = σ2(X+) + σ2(P−) < 1
5The criterion itself points to a method for preparation
of the entangled state, namely by using the dispersive
interaction of a optical probe beam with ion ensembles
implanted in both resonators such that the optical phase
shift accumulates contributions from both X1 and X2,
and thus effectively reads out X2 +X1. The back action
of this measurement is precisely the squeezing of the col-
lective observable X+, while probing (and squeezing) of
the commuting observable P− leads to the desired entan-
gled state [18, 19].
Conclusion
We have shown that the system of a strain-coupled
rare-earth doped resonator holds promise for exhibiting
non-classical states, in particular squeezed states. How-
ever, the relatively strong coupling to the environment
makes it extremely challenging to obtain squeezed states
within a reasonable timescale at a non-zero bath temper-
ature, by using this simple protocol based on stroboscopic
pulsing of a probe laser alone. Future work includes opti-
mizing the protocol to allow faster squeezing, in order to
decrease the influence of the coupling to the environment,
as well as an experimental study of the best approach to
increase resonator quality factors, and hence decoupling
as much as possible from the thermal bath. Finally, me-
chanical resonators are potentially useful as highly sensi-
tive force-probes, and future work also includes a study
of how squeezed states could benefit the sensitivity of the
resonator in this context.
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